International Journal of Scientific & Engineering Research, Volume 3, Issue 5, May-2012 1

ISSN 2229-5518

Weak Forms of y-Open Sets and New Separation
Axioms

Hariwan Z. Ibrahim
Department of Mathematics, Faculty of Science, University of Zakho, Kurdistan-
Region, Iraq
E-mail: hariwan_math@yahoo.com

Abstract— In this paper, we introduce some generalizations of y-open sets and investigate some properties of the sets. Moreover, we use

them to obtain new separation axioms.
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1 INTRODUCTION

hroughout this paper, (X, 1) and (Y, o) stand for topo-
logical spaces with no separation axioms assumed unless
less otherwise stated. For a subset A of X, the closure of A and
the interior of A will be denoted by CI(A) and Int(A), respective-
ly.

Let (X, 1) be a space and A a subset of X. An operation y on a to-
pology t [8] is a mapping from t in to power set P(X) of X such that
V c y(V) for each V € 1, where y(V) denotes the value of y at V. A
subset A of X with an operation y on 7 is called y-open [8] if for each
X € A, there exists an open set U such that x € U and y(U) c A.
Then, 1, set denotes the of all y-open set in X. Clearly 7, € 1. Com-
plements of y-open sets are called y-closed. The t,-interior [7] of Ais
denoted by t, € 1. Complements of y-open sets are t,-Int(A) and
defined to be the union of all y-open sets of X contained in A. A to-
pological X with an operation y on 7 is said to be y-regular [8] if for
each x € X and for each open neighborhood V of x, there exists an
open neighborhood U of x such that y(U) contained in V. It is also to
be noted that T = 1, if and only if X is a y-regular space [8].

Definition 1.1
A subset A of a space X is said to be:
1. a-open [6] if A < Int(CI(Int(A)));
semi-open [4] if A < CI(Int(A));
pre-open [5] if A < Int(CI(A));
B-open [1] if A < CI(Int(CI(A)));
b-open [2] if A < Int(CI(A)) U CI(Int(A)).

abrwn

In this paper we introduce and investigate the new notions called
a-y-open sets, pre-y-open sets, B-y-open sets and b-y-open sets which
are weaker than y-open. Moreover, we use these notions to obtain
new separation axioms.
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2 Weak Forms Of y-Open Sets

Definition 2.1
A subset A of a space X is said to be:
1. a-y-open if A € 1,-Int(Cl(t,-Int(A)));
2. pre-y-open if A € 1,-Int(CI(A));
3. B-y-open if A € Cl(z,-Int(CI(A)));
4.  Db-y-openif A € 1,-Int(CI(A)) U Cl(t,-Int(A)).

Lemma 2.2
Let (X, ) be a topological space, then the following properties hold:
A subset A of a space X is said to be:
1. Every y-open set is a-y-open.
2. Every a-y-open set is pre-y-open.
3. Every pre-y-open set is b-y-open.
4. Every b-y-open set is B-y-open.

1. If Ais a y-open set, then A = 1,-Int(A). Since A € CI(A),
then A € Cl(t,-Int(A)) and A < t,-Int(Cl(t,-Int(A))). There-
fore A is a-y-open.

2. If Ais an a-y-open set, then A € t,-Int(Cl(z,-Int(A))) E 1,-
Int(CI(A)). Therefore A is pre-y-open.

3. If Ais pre-y-open, then A € t,-Int(CI(A)) € 1,-Int(CI(A)) U
Cl(t,~Int(A)). Therefore A is b-y-open.

4. If A'is b-y-open, then A € 1,-Int(CI(A)) U Cl(r,-Int(A)) <
Cl(t,-Int(CI(A))) U Cl(z,-Int(A)) < Cl(z,~Int(CI(A))).
Therefore A is B-y-open.

Since every y-open set is open, then we have the following
diagram for properties of subsets.
y-0pen—a-y-open—pre-y-open—b-y-open—B-y-open

\: \ \ \ \

open — a-open — pre-open — b-open — B-open

The converses need not be true as shown by the following exam-
ples.
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Example 2.3

Let X = {a, b, c} and T = {o, {a}, {b}, {a, b}, X}. Define an opera-
tion y on T by y(A) = A if A= {a, b} and y(A) = X otherwise. Clearly,
T,= {9, {a, b}, X}. Then {a} is an open set which is not -y-open.
Example 2.4

Let X = R with the usual topology t and y(A) = A forall A € t. Let A
=Q N[0, 1]. Then A is a B-y-open set which is not b-y-open.

Example 2.5
Let X = {a, b, c} and t ={o, {a}, {b}, {a, b}, {b, c}, X}. Define an
operation y on T by y(A) =Aif A= {b} and y(A) =X
if A# {b}. Clearly, T, = {9, {b}, X}. Then {b, c} is a b-y-open set
which is not pre-y-open.
Example 2.6
Let X = {a, b, ¢} and 1= {¢, {a}, X}. Define an operation y on t by
v(A) = X for all A € 1. Then {a, c} is a pre-y-open set which is not a-
y-open.
Example 2.7
Let X = {a, b, ¢} and © = {9o, {a}, {a, b}, X}. Define an operation y
on 1 by y(A) =Aif A= {a} and y(A) = X if A # {a} Clearly, 1, = {o,
{a}, X}. Then {a, b} is an a-y-open set which is not y-open.
Lemma 2.8
If U is an open set, then CI(U N A) = CI(U N CI(A)) and hence U N
CI(A) < CI(U N A) for any subset A of a space X [3].
Theorem 2.9
If Ais a pre-y-open subset of a space (X, 1) such that U € A € CI(U)
for a subset U of X, then U is a pre-y-open set.
Proof
Since A € 1,-Int(CI(A)), U € 1,-Int(CI(A)). Also CI(A) € CI(U) im-
plies that 1,-Int(CI(A)) € t,-Int(CI(U)). Thus U € 1,-Int(CI(A)) E 1,
Int(CI(U)) and hence U is a pre-y-open set.
Theorem 2.10
A subset A of a space (X, 1) is semi-open if A is f-y-open and 1,
Int(CI(A)) < CI(Int(A)).
Proof
Let A be B-y-open and t,-Int(CI(A)) € CI(Int(A)). Then A € Cl(z,-
Int(CI(A))) € CI(CI(Int(A))) = CI(Int(A)). And hence A semi-open.
Proposition 2.11
The intersection of a pre-y-open set and an open set is pre-open.
Proof
Let A be a pre-y-open set and U be an open set in X. Then A € 1,-
Int(CI(A)) and Int(U ) = U, by Lemma 2.8, we have U N A € Int(U)
N 1,-Int(CI(A)) € Int(U) N Int(Cl(A)) = Int(U N CI(A)) € Int(CI(U
N A)). Therefore, A N U is pre-open.
Proposition 2.12
The intersection of a B-y-open set and an open set is 3-open.
Proof
Let U be an open set and A a B-y-open set. Since every y-open set is
open, by Lemma 2.8, we have
UNAcUN Cl(z,~Int(CI(A)))

€ U N Cl(Int(CI(A)))

C CI(U N Int(CI(A)))

= Cl(Int(U ) N Int(CI(A)))

= Cl(Int(U N CI(A)))

C Cl(Int(CI(U N A))).
This shows that U N A is 3-open.
Proposition 2.13
The intersection of a b-y-open set and an open set is b-open.

Proof

Let A be b-y-open and U be open, then A < 1,-Int(CI(A)) U Cl(t,-
Int(A)) and U = Int(U). Then we have

UNAcUN [t,-Int(CI(A)) U Cl(z,-Int(A))]

=[U N 1,-Int(CI(A))] U [U N Cl(z,-Int(A))]

= [Int(U ) N 7,-Int(CI(A))] U [U N Cl(z,-Int(A))]

C [Int(U ) N Int(CI(A))] U [U N Cl(Int(A))]

C [Int(U N CI(A))] U [CI(U N Int(A))]

C [Int(CI(U N A))] U [Cl(Int(U N A))].

This shows that U N A is b-open.

We note that the intersection of two pre-y-open (resp. b-y-open, p-
y-open) sets need not be pre-open (resp. b-y-open, B-y-open) as can
be seen from the following example:

Example 2.14

Let X = {a, b, c} and T = {o, {a, b}, X}. Define an operation y on t
by y (A)=Afor all A € 1. Let A= {a, ¢} and B = {b, c}, then A and
B are pre-y-open (resp. b-y-open, B-y-open), but A N B = {c} which
is not pre-open (resp. b-y-open, B-y-open).

Proposition 2.15

The intersection of an a-y-open set and an open set is a-0open.
Theorem 2.16

If {Ay: kK € A} is a collection of b-y-open (resp. a-y-open, pre-y-open,
B-y-open) sets of a space (X, 1), then Uye Ay IS b-y-open (resp. a-y-
open, pre-y-open, [3-y-open).

Proof

We prove only the first case since the other cases are similarly
shown. Since AE t,-Int(CI(Ay)) U Cl(t,-Int(A,)) for every k € A, we
have

UkeaAkE Ugea[T,~INt(CI(AL)) U Cl(z,-Int(A))]

€ [Ukeat,~INt(CI(A)] U [UeaCl(z,~INt(A))]

€ [1,-Int(UyesCI(A))] U [Cl(Ukeat,~INt(AL)]

€ [1,~Int(Cl(UkeaAK))] U [Cl(t,-Int(UreaAW))].

Therefore, Uye Ay IS b-y-open.

We note that the intersection of two pre-y-open (resp. a-y-open, b-
y-open, [-y-open) sets need not be pre-y-open (resp. a-y-open, b-y-
open, 3-y-open) as can be seen from the following example:

Example 2.17

Let X = {a, b, ¢} and t = P (X). Define an operation y on t by y(A) =
Aif A= {a, b} or {a, c} or {b, c} and y(A) = X otherwise. Clearly, 1,
= {0, {a, b}, {a, ¢}, {b, c}, X}. Let A= {a, b} and B = {a, c}, then A
and B are pre-y-open (resp. a-y-open, b-y-open, 3-y-open), but A N B
= {a} which is not pre-y-open (resp. a-y-open, b-y-open, B-y-open).

Proposition 2.18
Let A be a b-y-open set such that t,-Int(A) = ¢. Then A is pre-y-open.

A space (X, 1) is called a door space if every subset of X is
open or closed.

Proposition 2.19

If (X, 1) is a door space and y-regular, then every pre-y-open set is y-
open.

Proof

Let A be a pre-y-open set. If A is open, then A is y-open. Otherwise,
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A'is closed and hence A € t,-Int(CI(A)) = 1,-Int(A) € A. Therefore,
A= 1,-Int(A) and thus A is a y-open set.

3 New Separation Axioms

Definition 3.1
A topological space (X, T) with an operation y on 7 is said to be:

1. pre-y-Ty (resp a-y-To, b-y-To, B-y-Ty) if for each pair of dis-
tinct points x, y in X, there exists a pre-y-open (resp. o-y-
open, b-y-open, B-y-open) set U such that either x € U and
yeUorxe UandyeU.

2. pre-y-Ty (resp. oa-y-Ty, b-y-Ty, B-y-T,) if for each pair of
distinct points X, y in X, there exist two pre-y-open (resp.
a-y-open, b-y-open, B-y-open) sets U and V such that x €
Ubuty g Uandy e Vbutx ¢ V.

3. pre-y-T, (resp. o-y-T,, b-y-T,, B-y-T,) if for each distinct
points x, y in X, there exist two disjoint pre-y-open (resp.
a-y-open, b-y-open, B-y-open) sets U and V containing X
and y respectively.

Remark 3.2
For a topological space (X, T) with an operation y on t, the following
properties hold:
1. If X, 1)isa-y-T; then it is pre-y-T;, fori=0, 1, 2.
2. If(X,1)is pre-y-T;, thenitis b-y-T;, fori=0, 1, 2.
3. If(X, 1) is b-y-T}, then it is B-y-T;, fori =0, 1, 2.
Definition 3.3
A subset A of a topological space X is called a pre-yD-set (resp. a-
yD-set, b-yD-set, B-yD-set) if there are two pre-y-open (resp. a-y-
open, b-y-open, B-y-open) sets U and V such that U # X and A= U\
V. It is true that every pre-y-open (resp. o-y-open, b-y-open, B-y-
open) set U different from X is a pre-yD-set (resp. a-yD-set, b-yD-
set, B-yD-set) if A= U and V = ¢. So, we can observe the following.
Remark 3.4
Every proper pre-y-open (resp. o-y-open, b-y-open, B-y-open) set is a
pre-yD-set (resp. a-yD-set, b-yD-set, B-yD-set).
Remark 3.5
For a topological space (X, t) with an operation y on T, the following
properties hold:
1. Every a-yD-set is pre-yD-set.
2. Every pre-yD-set is b-yD-set.
3. Every b-yD-set is B-yD-set.
Definition 3.6
A topological space (X, T) with an operation y on 1 is said to be:
1. pre-y-Dy(resp. a-y-Dy, b-y-Dy, B-y-Dy) if for any pair of dis-
tinct points x and y of X there exists a pre-yD-set (resp. o-
yD-set, b-yD-set, B-yD-set) of X containing x but not y or a
v-bD-set of X containing y but not x.
2. pre-y-Dy (resp. a-y-Dj, b-y-Dy, B-y-D,) if for any pair of
distinct points x and y of X there exist two pre-yD-sets
(resp. a-yD-sets, b-yD-sets, B-yD-sets) U and V such that x
eUbuty¢g Uandy € Vbutx V.
3. pre-y-D, (resp. a-y-D,, b-y-D,, B-y-D,) if for any pair of
distinct points x and y of X there exist disjoint pre-yD-sets
(resp. a-yD-sets, b-yD-sets, B-yD-sets) G and E of X con-
taining x and y, respectively.
Remark 3.7
For a topological space (X, t) with an operation y on 1, the following

properties hold:
1. If(X,7)is a-y-Dj, thenitis pre-y-D;, fori =0, 1, 2.
2. If(X, 1) is pre-y-Dj, then it is b-y-D;, fori =0, 1, 2.
3. If (X, 1) is b-y-D;, then it is B-y-D;, fori =0, 1, 2.
Remark 3.8
For a topological space (X, t) with an operation v on 1, the following
properties hold:
1. If (X, 1) is pre-y-T; (resp. o-y-T;, b-y-T;, B-y-T;), then it is
pl‘e-y-Ti,l (resp. ("-’Y-Ti*ll b"‘{'Tifl, B-’Y-Ti*l)l fori= 1, 2.
2. If (X, 1) is pre-y-T; (resp. a-y-T;, b-y-T;, B-y-T;), then it is
pre-y-D; (resp. a-y-D;, b-y-D;, B-y-D;), fori =0, 1, 2.
3. If (X, 1) is pre-y-D; (resp. a-y-D;, b-y-D;, B-y-Dy), then it is
pre-y-Di; (resp. a-y-D;_;, b-y-D;_ B-y-D;,), fori =1, 2.
Theorem 3.9
A space X is pre-y-D; (resp. a-y-Dy, b-y-Dy, B-y-Dy) if and only if it
is pre-y-D, (resp. a-y-D,, b-y-D,, B-y-D,).
Proof
Necessity. Let X, y € X, x# y. Then there exist pre-yD-sets (resp. a-
yD-sets, b-yD-sets, B-yD-sets) G;, G, in X such that X € G, y ¢
Giandy € Gy, x ¢ G, . Let G;= U\U, and G,= Us\U,, where Uy, U,,
Us and U, are pre-y-open (resp. a-y-open, b-y-open, B-y-open) sets in
X. From xgG,, it follows that either x ¢ U;or x € Uzand x € U,. We
discuss the two cases separately.

i X ¢ Us. By y ¢ G, we have two subcases:

@)y ¢ U;. From x € U,\U,, it follows that x € U;\(U, U Us), and by
y € Us\ Uy, we have y € U,\ (UU Uy). Therefore (U;\ (U,U Uz)) N
U\ (Uy U Uy)) = .

(b)) y e Uy and y € U,. We have x € U;\U,, and y € U,. Therefore
(Ul\ U2) N UZZ Q.

ii. X € Uz and x € U,. We have y € U;\U, and x € U,. Hence
(Us\Uy) N Ug= . Therefore X is pre-y-D, (resp. a-y-D,, b-
y-D2, B-y-D2).

Sufficiency. Follows from Remark 3.8 (3).

Theorem 3.10

A space is pre-y-Dy (resp. a-y-Dg, b-y-Do, B-y-Dy) if and only if it is
pre-y-To (resp. a-y-To, b-y-To, B-y-To).

Proof

Suppose that X is pre-y-Dg (resp. a-y-Dg, b-y-Do, B-y-Do). Then for
each distinct pair x, y € X, at least one of X, y, say X, belongs to a
pre-yD-set (resp. a-yD-set, b-yD-set, B-yD-set) G buty ¢ G. Let G =
U;\ U, where U; # X and U, U, are two pre-y-open (resp. o-y-open,
b-y-open, B-y-open) sets. Then x € Uy, and for y ¢ G we have two
cases: (@) y ¢ Uy, (b)ye Ujandy € U,. Incase (a), x € U; buty ¢
U;. In case (b), y € U, but x ¢ U,. Thus in both the cases, we obtain
that X is pre-y-Ty (resp. a-y-To, b-y-To, B-y-To).

Conversely, if X is pre-y-Ty (resp. a-y-To, b-y-To, B-y-To), by Remark
3.8 (2), X is pre-y-Dg (resp. a-y-Dg, b-y-Dy, B-y-Do).

Corollary 3.11

If (X, 1) is pre-y-D; (resp. a-y-D;, b-y-Dy, B-y-Dy), then it is pre-y-T,
(resp. a-y-To, b-y-To, B-y-To).

Proof

Follows from Remark 3.8 (3) and Theorem 3.10.

Definition 3.12

A point x € X which has only X as the pre-y-neighborhood (resp. a-
y-neighborhood, b-y-neighborhood, B-y neighborhood) is called a
pre-y-neat point (resp. a-y-neat point, b-y-neat point, B-y-neat point).

Theorem 3.13

For a pre-y-T, (resp. a-y-To, b-y-To, B-y-To) topological space (X, 1)
the following are equivalent:
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1. (X, 1) is pre-y-D; (resp. a-y-Dy, b-y-Dy, B-y-Dy).
2. (X, 1) has no pre-y-neat point (resp. a-y-neat point, b-y-neat
point, B-y-neat point).

Proof
1 = 2. Since (X, 1) is pre-y-D; (resp. a-y-D;, b-y-D,, B-y-Ds), then
each point x of X is contained in a pre-yD-set (resp. a-yD-set, b-yD-
set, B-yD-set) A= U\ V and thus in U. By definition U# X. This im-
plies that x is not a pre-y-neat point (resp. o-y-neat point, b-y-neat
point, B-y-neat point).
2 = 1. If X is pre-y-Ty (resp. a-y-To, b-y-Ty, B-y-Ty), then for each
distinct pair of points x, y € X, at least one of them, x (say) has a
pre-y-neighborhood (resp. a~y-neighborhood, b-y-neighborhood, B-y-
neighborhood) U containing x and not y. Thus which is different
from X is a pre-yD-set (resp. a-yD-set, b-yD-set, B-yD-set). If X has
no pre-y-neat point (resp. o-y-neat point, b-y-neat point, p-y-neat
point), then y is not a pre-y-neat point (resp. o-y-neat point, b-y-neat
point, B-y-neat point). This means that there exists a pre-y-
neighborhood (resp. a-y-neighborhood, b-y-neighborhood, pB-y-
neighborhood) V of y such that V# X. Thus y € V \ U but not x and
V\ U is a pre-yD-set (resp. a-yD-set, b-yD-set, -yD-set). Hence X is
pre-y-Dy (resp. a-y-Dy, b-y-Dy, B-y-Dy).

Corollary 3.14

A pre-y-Tqy (resp. a-y-To, b-y-To, B-y-To) Space X is not pre-y-D;
(resp. a-y-Dy, b-y-Dy, B-y-Dy) if and only if there is a unique pre-y-
neat point (resp. a-y-neat point, b-y-neat point, g-y-neat point) in X.
Proof

We only prove the uniqueness of the pre-y-neat point (resp. a-y-neat
point, b-y-neat point, B-y-neat point). If x and y are two pre-y-neat
points (resp. a-y-neat points, b-y-neat points, B-y-neat points) in X,
then since X is pre-y-Ty (resp. a-y-Tg, b-y-To, B-y-Ty), at least one of
x and y, say X, has a pre-y-neighborhood (resp. a-y-neighborhood, b-
y-neighborhood, B-y-neighborhood) U containing x but not y. Hence
U# X. Therefore x is not a pre-y-neat point (resp. a-y-neat point, b-y-
neat point, 3-y-neat point) which is a contradiction.
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